We analyze a class of piecewise linear parabolic maps on the torus, namely those obtained by considering a linear map with double eigenvalue one and taking modulo one in both components. We show that within this two parameter family of maps, the set of noninvertible maps is open and dense. For certain cases (where the entries in the matrix are rational) we show that the maximal invariant set has positive Lebesgue measure and give bounds on the measure. For certain examples we nd expressions for the measure of the invariant set.
Introduction
We consider a class of maps of the torus X = 0; 1] ( 1 = 2 6 = 1 ), hyperbolic ( 1 > 2 ) or parabolic ( 1 = 2 ). In this paper we consider the area-preserving parabolic case with determinant ad ? bc = 1 and trace a + d = 2.
Such maps arise naturally on examining linear maps with a periodic over ow protocol. In particular, suppose that one would like to iterate a matrix using a digital representation with very small discretization error but a nite range which we set to be (0; 1). If the calculation over ows such that the fractional part remains, we will get the map (1) (see eg 4] ).
In this case f is a piecewise continuous map of T . The behaviour of g at its discontinuities does not a ect a full measure set of X, but for de niteness we set (x mod 1) = x ? x] where x] is the largest integer less than or equal to x.
Parabolic area-preserving maps are not typical in the set of almost-everywhere linear maps on the torus 5]. However, their dynamical properties are of a particular interest, since such maps can be considered as an interpolating case between the hyperbolic maps (jtj > 2) and the elliptic maps (jtj < 2) in the area-preserving case. They are in some sense generalisations of interval exchange maps 13, 15, 11] , piecewise rotations 8, 4] and interval translation maps 6] to two dimensions. In fact, in Section 3 and the subsequent sections, our results use the fact that for rational coe cients of M the map (1) may be decomposed into a one-parameter family of 1 dimensional interval translation maps.
Hyperbolic area-preserving maps are characterized by a positive Liapunov exponents, and are often studied as model chaotic area-preserving dynamical systems (see eg. 5, 14] and the Baker's transformation). Elliptic area-preserving maps correspond (in an appropriate eigenbasis) to rigid rotation, where the presence of a discontinuity caused by g will lead to very complicated dynamics 2, 3, 9, 4]. The elliptic{hyperbolic transition for the linear maps on the torus was studied by Amadasi and Casartelli 1], while certain properties of linear parabolic maps were analyzed in 16]. In particular, a generic parabolic map displays some sort of sensitive dependence on initial conditions. However, this property is not related to the Lyapunov exponents (which are always zero for parabolic maps), but is due to the discontinuity of the map.
Summary of main results
We parametrize the set of parabolic area-preserving maps by A and , namely x 0 y 0 = f x y = (1 + A)x + A y (mod1)
In Section 2 we show in Theorem 1 that for an open dense set of (A; ) the mapping (2) is not invertible. We also show that maps corresponding to integral matrices can by conjugated to other maps of this form using changes of coordinates in SL(2; Z). Remark 1 Note that this theorem holds for determinant one maps; trace-free is not necessary. However, it may not hold on one-parameter families where one may not be able to perturb lattice points into the interior of V 0 Remark 2 It is quite possible that there are simultaneously many solutions to the inequalities of Lemma 1; for example, near A = ?1 and large one can nd arbitrarily large numbers of integers (K; L) satisfying both inequalities. ?9=5 ?2 is invertible (A = 3, = 3=5). We do not have a precise characterization of the nowhere dense set of invertible maps, and suspect that this is not easy to achieve.
Conjugation of integer coe cient maps by automorphisms
In this section we discuss some properties of the invertible parabolic maps and the conjug- We if and only if jAj = jBj.
Hence we conclude that all parabolic maps with integer coe cients can be reduced to one of the horocyclic cases. The next section tackles the more general case where f 6 2 F int .
3 Maximal invariant sets Note that Lemma 3 does not imply that the measure (or dimension) of X + will change continuously with parameters; in fact we believe that the change of these quantities is typically discontinuous. We now consider the structure of this set for the cases where 
Rational parabolic maps
We say the map (2) 
Because the variable B 2 1?s s ; 1) is invariant during the dynamics it is treated as a parameter. Again, the slope of these 1D maps is equal to one implying that all Liapunov exponents are zero.
In the case that A = p=q and = r=s are both rational with (r; s) = (p; q) = 1 we can understand a lot about the mapping T using the following factor map. Let Proof For these assumptions we can write (7) For the other direction, suppose that 2 N(S( )) and so ( ) = S( ) and 2 \ n 0 T n (I).
In particular, = T( 0 ) for some 0 . Now ( ) = T( 0 ) = S ( 0 ) and so S( ) = S ( 0 ).
Invertibility of S gives = ( 0 ) and so 0 2 N( ). Hence
T(N( )) N(S( ))
and we have the result.
The previous Lemma relies crucially on the fact that S is invertible. The next result implies that the number of points in N is a constant almost everywhere. Let N = jN( )j be the cardinality of N( ). We can now prove the main result in this section. Upon integrating the estimates in Theorem 2 we obtain the result.
We can characterise the dynamics on the lines L B in the following way:
Corollary 3 For any rational map and almost all B and all x 2 L B , !(x) consists of a set with positive one-dimension measure in L B . Conversely, for a countable set of B and all x 2 L B , the trajectory going through x is eventually periodic. Proof In the proof of Theorem 3, the reduced map S B will be an irrational rotation for all irrational B and a rational rotation for all rational B. The result follows.
Density of irrational B simply implies the following result for the original map Corollary 4 For any rational map, preimages of the discontinuity are dense in X + .
Example I
The simplest nontrivial rational map is de ned by A = 1=2 and = 1. In this case, we can approximate the maximal invariant set numerically as in Figure 1 
where (x; y) 2 X = 0; 1] The maximal invariant set X + for the map (10) is shown in Fig.1 . The results in Theorem 3 imply that 1 4 `(X + ) 3 4 but this is clearly not very precise.
We have obtained a numerical estimate by iterating several initial points distributed uniformly on the square, dividing the unit square into boxes and counting the occupied cells. To avoid the transient e ects some number (say, the rst hundred) of images should not be not marked on the graph. Applying this method we obtained V 0:287, however the precision of this result is limited by a highly complicated structure of some fragments of the invariant set and a very slow convergence of transients.
By using the structure noted in Section 3 we show numerical approximations of X + B as B changes in the map (11) are shown in Figure. Note that if is rational and A irrational we can still reduce to maps of the form (7), however these do not contain factors that are rotations if A is not rational and we do ; 15 16 are superimposed onto the picture to make the assertion in the text easier to see. not presently have results that cover this more general case. Results of 6] suggest that it should be possible to get X + B in this case that has Hausdor dimension (in L B ) that is less than one, and Hausdor dimension of X + consequently less than two. For any non-zero values of the real parameters and the Jacobian @(x 0 ; y 0 )=@(x; y) is constant and equal to one. Moreover, for any point (x; y) the trace of the map t is equal to 2, which makes the above map similar to the linear case (1) . Observe that the diagonal of the unit square y = x is invariant with respect to this map. This map acting on the plane transforms the unit square into a set con ned between four exponential functions. After folding it back into the unit square some fragments of it will overlap as (12) is typically noninvertible. Figure 4 shows the invariant set of the nonlinear map in the case = = 1. There is numerical evidence that the maximal invariant set has positive volume in this case even though the Jacobian changes between being a rational and and an irrational parabolic map at di erent points.
Discussion
In this paper we have considered some basic properties of the maps (1) in the parabolic area-preserving regime, and show a sensitive dependence of the dynamical behaviour on rationality of the parameter . Such maps are shown to be noninvertible for an open dense set of parameter values. We have raised some intriguing questions concerning how the Lebesgue measure of the maximal invariant set varies on changing parameters. For two particular cases we have analytical estimates of the measure, but more generally we only upper and lower bounds that may be far from optimal.
It would be also informative to understand the structure of invariant measures of the map (1). Note that`(:) (Lebesgue measure) restricted to X + is invariant under this mapping but it is not ergodic. In particular, it may be the case that this restriction is trivial in which case empirical measures can still be de ned; by analogy with the Interval Translation maps of 6] there are presumably cases where some standard Hausdor measure restricted to X + is invariant. 
